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Structure and texture of the quark mass matrix
Maritza de Coss a and Rodrigo Huertab
aDepartamento de F´ısica Aplicada,
Centro de Investigacio´n y de Estudios Avanzados del Instituto Polite´cnico Nacional,
Unidad Me´rida, A. P. 73 Cordemex 97310, Me´rida, Yucata´n, Me´xico.
Starting from a weak basis in which the up (or down) quark matrix is diagonal, we
obtain an exact set of equations for the quark mass matrix elements in terms of known
observables. We make a numerical analysis of the down (up) quark mass matrix. Using
the data available for the quark masses and mixing angles at different energy scales, we
found a numerical expression for these matrices. We suggest that it is not possible to
have an specific texture from this analysis. We also examine the most general case when
the complex phases are introduced in the mass matrix. We find the numerical value for
these phases as a function of δ, the CP-violationg phase.
PACS number(s): 12.15.Ff
1. Introduction
The known observables in the Yukawa sector of the Standard Model (SM) are six quark
mass eigenvalues plus the four parameters of the Cabibbo-Kobayashi-Maskawa (CKM)
mixing matrix. These parameters are related to the quark mixing matrices through the
diagonalization procedure. The two quark mass matrices with three generations depend
on 36 parameters in general (18 each). There are many possibilities in the literature that
propose different structures for these matrices. In particular, there are studies considering
the mass matrix as hermitian, symmetric [2–4] or non-hermitian [5]. To reduce the number
of parameters, zeros are introduced in the mass matrices leading to the terminology of
texture [4]. Depending on the particular texture it is possible to find relations among
masses and mixing angles. It would be of interest to explore what is the texture at which
the present data is pointing.
In this work we obtain a set of exact equations relating the mass matrix parameters and
the known observables. We perform a numerical analysis with those algebraic equations,
using the available data, and we find the structure of the quark mass matrices. We do
this analysis for different energy scales using the renormalization group equation to find
the evolution of the known observables. In the next section we obtain the exact set of
equations from which we observe the relation among the measured quantities and the
quark mass matrix elements, including the phases of the latter. In section III, we find the
evolution of these matrix elements. From this analysis we find their hierarchy. Finally, in
section IV we sumarize our results.
22. Expressions for the mass matrix elements
We start from the terms of the mass and the weak charged-current of the standard
model Lagrangian which are important to us,
Lmass = u¯
′
Lmuu
′
R + d¯
′
Lmdd
′
R + gLu¯
′
LW
†
Ld
′
L + c.h., (1)
where the quark mass matrices are general complex matrices whose size depends on the
number of generations. We can rotate the weak states to get a diagonal mass matrix by
making the usual transformations [1],
Lmass = u¯
′
LR
u
L(R
u
L)
†mu(S
u
R)
†SuRu
′
R + d¯
′
LR
d
L(R
d
L)
†md(S
d
R)
†SdRd
′
R
+gLu¯L(R
u
L)
†W
†
LR
d
LdL + c.h.
= u¯LMuuR + d¯LMddR + gLu¯LW
†
LVCKMdL + c.h.
(2)
where the unitary matrices Ru,dL and S
u,d
R rotate the weak basis to the mass eigenstates,
u′L = R
u
LuL, d
′
L = R
d
LdL
u′R = S
u
RuR, d
′
R = S
d
RdR.
(3)
In this way we obtain the biunitary transformations which transform the mass matrices
mu and md to their diagonal form,
Mu = (R
u
L)
†muS
u
R,
Md = (R
d
L)
†mdS
d
R.
(4)
The CKM mixing matrix [6] is then given by
VLCKM = (R
u
L)
†RdL. (5)
In the case of having a charged right-handed current of the type gRu¯
′
RW
†
Rd
′
R in the
Lagrangian [7] (neglecting the possible mixing between the gauge bosons), we would have
VRCKM = (S
u
R)
†SdR. (6)
Without any loss of generality we can have one of the mass matrices diagonal [8,9].
Assume first that
mu =

 mu 0 00 mc 0
0 0 mt

 , (7)
then the matrices RuL and S
u
R are equal to the unit matrix. From equations (5) and (6)
we obtain
VLCKM = R
d
L,
VRCKM = S
d
R.
(8)
3In this case the diagonal mass matrix d is given by,
Md = (V
L
CKM)
†mdV
R
CKM . (9)
One can make VRCKM equal to V
L
CKM [8] and gL equal to gR assuming manifiest left-
right symmetry in the flavor sector, and then one can see that we need only to consider
a single mixing matrix which is responsible of the diagonalization,
Md = (VCKM)
†mdVCKM . (10)
This is equivalent to assuming that md is hermitian. Now we can express the mixing
angles in terms of the mass eigenvalues mi and the mass matrix elements mij. To this
end we take an hermitian mass matrix and choose the standard form for VCKM ,
VCKM =


c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e
iδ s23c13
s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e
iδ c23c13

 , (11)
so we have
VCKM

 m1 0 00 m2 0
0 0 m3

 =

 m11 m12e
iδ12 m13e
iδ13
m12e
−iδ12 m22 m23e
iδ23
m13e
−iδ13 m23e
−iδ23 m33

VCKM . (12)
Considering the magnitudes of the elements (2,3), (1,3) and (1,2) on both sides of this
equation we get the mixing angles in exact form [10],
s23
c23
=
(m3 −m11)m23 +m13m12
(m3 −m22)(m3 −m11)−m212
(13)
s13
c13
=
m12s23 +m13c23
m3 −m11
(14)
s12
c12
=
m12c23 −m13s23
(m2 −m11)c13 + (m12s23 +m13c23)s13
(15)
where sij = sin θij , cij = cos θij . To obtain the quark masses as functions of the matrix
elements we use the fact that md satisfies the following characteristic equation,
det(md −m1) = −m
3 + (m11 +m22 +m33)m
2 − (m11m22 +m11m33
+m22m33 −m
2
23 −m
2
13 −m
2
12)m+m11(m22m33 −m
2
23)
−m12(m12m33 −m13m23) +m13(m12m23 −m13m22)
= 0.
(16)
The eigenvalues mi also satisfy the equation
(m1 −m)(m2 −m)(m3 −m) = −m
3 + (m1 +m2 +m3)m
2
−(m1m2 +m1m3 +m2m3)m+m1m2m3
= 0.
(17)
4After equating the coefficients with the same power of m in (16) and (17) we get,
m1 +m2 +m3 = m11 +m22 +m33 (18)
m1m2 +m1m3 +m2m3 = m11m22 +m11m33 +m22m33 −m
2
23 −m
2
13 −m
2
12 (19)
m1m2m3 = m11(m22m33 −m
2
23)−m12(m12m33 −m13m23)
+m13(m12m23 −m13m22).
(20)
Going back to eq. (12), we compare the phases of elements (1,2), (1,3) and (2,3) on
both sides of the equation to get the relations,
tan (δ12) =
−(m3 − s
2
12m2 −m1)s13s23 sin δ
(m2 −m1)s12 + (m3 − s212m2 −m1)s13s23 cos δ
(21)
tan (δ13) =
(m3 − s
2
12m2 −m1)s13 sin δ
(m2 −m1)s12s23 − (m3 − s212m2 −m1)s13 cos δ
(22)
tan (δ23) =
(m2 −m1)(1 + s
2
23)s12s13 sin δ
[m3 − (s
2
12 − s
2
13)m1 − (1− s
2
12s
2
13)m2]s23 − (m2 −m1)(1− s
2
23)s12s13 cos δ
.(23)
We observe that the phases δij are given in terms of known observables and that they
are independent of the mij . We consider important to remark that the set of equations
(13-15), (18-20) and (21-23) are exact relations among quark mass matrix elements and
known observables.
3. Structure and evolution of the mass matrix elements
The structure and evolution of the mass matrix can be found by numerically solving
the set of equations obtained in the previous section. To this end we give in the following
the quark mass eigenvalues, the mixing angles and the δ-phase at different scales. For the
quark mass eigenvalues we use the quantities shown in Table 1 [11].
We use the following values for the mixing angles at low energy scales (1 GeV tomt) [12]
sin θ12 = 0.2225± 0.0021
sin θ23 = 0.04± 0.0018
sin θ13 = 0.0035± 0.0009
(24)
and for the CP-phase we take [13],
δ = (66.5± 30.5)◦. (25)
To calculate the mixing angles at 109 GeV and MX , where MX is the unification scale
of SUSY (MX = 2×10
16 GeV ), we use the formalism in ref. [14]. In this work Kielanowski
et al., find the energy dependence of the |Vij|. Recalling that from eq. (11), the mixing
angles are related to the magnitudes of the Vij matrix elements. In particular we are
5Table 1
Running quark masses (in units of GeV ).
Scale u d s
1 GeV 0.00488± 0.00057 0.00981± 0.00065 0.1954± 0.0125
mZ 0.00233± 0.00045 0.00469± 0.00066 0.0934± 0.0130
mt 0.00223± 0.00043 0.00449± 0.00064 0.0894± 0.0125
109 GeV 0.00128± 0.00025 0.00260± 0.00037 0.0519± 0.072
MX 0.00094± 0.00018 0.00194± 0.00028 0.0387± 0.054
c b t
1 GeV 1.506± 0.048 7.18± 0.59 475± 86
mZ 0.677± 0.061 3.00± 0.11 181± 13
mt 0.646± 0.059 2.85± 0.11 171± 12
109 GeV 0.371± 0.033 1.51± 0.06 109± 16
MX 0.272± 0.024 1.07± 0.04 84± 18
interested in the magnitudes of |Vus|, |Vcb| and |Vub|. The evolution of these magnitudes
are found to be given by,
|Vub|
2 =
|V 0ub|
2
|V 0tb|
2[h(t)2 − 1] + 1
(26)
|Vcb|
2 =
|V 0cb|
2
|V 0tb|
2[h(t)2 − 1] + 1
(27)
where |V 0ij | are the initial values of the CKM matrix elements and h(t) is expressed as
h(t) =

 1
1− 3(b+2)
(4pi)2
m2t (t0)
∫ t
to
rg(τ)dτ


c
2(b+2)
with
rg(t) = exp
(
2
(4pi)2
∫ t
t0
αu1(τ)dτ
)
.
In the SM we have,
αu1(t) = −
(
17
20
g21 +
9
4
g22 + 8g
2
3
)
.
with
gi(t) =
gi(t0)√
1−
2big2i (t0)(t−t0)
(4pi)2
,
and t = ln(E/mt). |Vus| is obtained from unitarity. We evaluate at t1 = ln(
109
171
) ∼ 15.5816
and t2 = ln(
2×1016
171
) ∼ 32.3928. We assume there is no running for the δ phase [15]. We
can collect all the numerical results in Table 2.
6Table 2
Elements of mass matrix d
Scale m11 m12e
iδ12 m13e
iδ13
1 GeV .0194± .0030 (.0412± .0023)e−i(1.26±.5)
◦
(.0235± .0066)e−i(70.05±31.22)
◦
mZ .0094± .0020 (.0196± .0019)e
−i(1.11±.43)◦ (.0097± .0027)e−i(70.58±31.31)
◦
mt .0090± .0019 (.0188± .0018)e
−i(1.10±.42)◦ (.0092± .0026)e−i(70.61±31.32)
◦
109 GeV .0052± .0010 (.0110± .0009)e−i(1.31±.49)
◦
(.0055± .0015)e−i(71.04±31.38)
◦
MX .0039± .0008 (.0082± .0007)e
−i(15.89±6.7)◦ (.0048± .0013)e−i(66.95±30.6)
◦
m22 m23e
iδ23 m33
1 GeV .1987± .0309 (.2798± .0193)ei(.03±.01)
◦
(7.167± .6089)
mZ .0936± .0161 (.1163± .0061)e
i(.03±.01)◦ (2.995± .1155)
mt .0896± .0155 (.1105± .0060)e
i(.03±.01)◦ (2.845± .1155)
109 GeV .0525± .0081 (.0671± .0035)ei(.03±.01)
◦
(1.507± .0529)
MX GeV .0400± .0062 (.0571± .0030)e
i(.04±.01)◦ (1.067± .0424)
Table 3
Elements of mass matrix u
Scale m11 m12e
iδ12 m13e
iδ13
1 GeV .0887± .0248 (.3923± .0216)e−i(9.60±4.12)
◦
(1.662± .4580)e−i(66.92±30.60)
◦
mZ .0387± .0074 (.1716± .0119)e
−i(8.25±3.32)◦ (.6284± .1657)e−i(67.99±30.61)
◦
mt .0369± .0070 (.1635± .0114)e
−i(8.18±3.29)◦ (.5936± .1564)e−i(67.0±30.61)
◦
109 GeV .0220± .0053 (.1001± .0075)e−i(11.53±4.85)
◦
(.4340± .1138)e−i(67.0±30.60)
◦
MX .0171± .0050 (.0816± .0071)e
−i(54.1±26.6)◦ (.4107± .1078)e−i(66.54±30.51)
◦
m22 m23e
iδ23 m33
1 GeV 2.266± .563 (18.96± 2.04)ei(.0032±.0013)
◦
474± 86
mZ .937± .118 (7.22± .47)e
i(.0038±.0014)◦ 181± 13
mt .891± .118 (6.82± .44)e
i(.0039±.0014)◦ 171± 12
109 GeV .591± .104 (5.0± .43)ei(.0035±.0013)
◦
109± 13
MX .529± .116 (4.64± .48)e
i(.0336±.0138)◦ 84± 13
If we consider md to be diagonal, instead of mu, a similar analysis determines the
structure of the quark mass matrix mu. The result of this analysis is shown in Table 3.
From these numerical expressions for the mass matrices, one can see that no element is
consistent with zero at 3σ, for any given scale. We notice the following hierarchy among
the magnitudes of the mass matrix elements,
m11 ≈ m13 < m12 < m22 < m23 ≪ m33. (28)
This hierarchy is similar to the one obtained by Fritzsch [16]: m11, m12, m13 ≪ m23, m22 ≪
m33. We also have a hierarchy among the phases
δ23 ≪ δ12 ≪ δ13 (29)
at low energy scales. At SUSY scales this hierarchy is no longer valid and we have instead
δ23 ≪ δ12 ≈ δ13.
74. Conclusions
To summarize, starting with the weak basis, for which one of the quark mass matrices
is diagonal, we find exact relations that are analysed numerically. We obtain numerical
expressions at different scales, using the mixing angles and quark masses as input data.
From this analysis we conclude that no texture is from 1GeV up to 2×1016 GeV at 3σ. We
also find the explicit dependence of δij in terms of the quark masses and the CKM mixing
angles. Numerical evaluation shows that we have δ23 ≪ δ12 ≪ δ13 at low scales and
δ23 ≪ δ12 ∼ δ13 at SUSY scales. We expect in the near future better measurements for
the known observables in the Yukawa sector of the SM. When the measurements of these
observables becomes more precise, we will be able to draw more definitive conclusions
about the existence of a particular texture in the quark mass matrices.
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